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PREFACE 



This compilation of the data available on microwave application 
of variable index of refraction lenses was made at the United States 
Naval Postgraduate School during the latter half of the academic year 
1 9!?3» It is an attempt to show the steps which have been undertaken 
to develop a lens which will permit focusing over a wide angle through 
movement of feed system alone. 

The writer would like to express his appreciation to A. S. Dunbar 
of the Dalmo Victor Co., San Carlos, California, for his assistance 
in understanding the limitations of other types of antennas and to 
C. F. Klamm Jr. of the United States Naval Postgraduate School Faculty 
for his guidance in the preparation of this paper. 
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SUMMARY 



The purpose of this paper is to present in a concise form the 
limitations of conventional antennas and lenses, as now employed, 
in scanning over large areas by movement of the feed system rer 
lative to the antenna. In general such a system of scanning is 
required in modern radar systems for detection of aircraft as 
their speed is increased. The "perfect lens" as developed by 
Luneberg for optics is then presented as a solution, such a lens 
permitting focusing on the circumference of a spherical surface, 
provided the index of refraction varies as a function of the nor- 
malized radial distance (n = \J 2-r* ). The two dimensional mi- 
crowave analogy of this theory has been tested by the construction 
of two lenses based on waveguide theory for variation of the index 
of refraction and the results of the tests are shown herein. Such 
tests proved the conformity in practice to theoretical prediction 
and showed the practicability of three dimensional lenses constructed 
of artificial dielectrics. The theory was then extended for the de- 
velopment of a lens which will reduce the feed circle size required. 
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CHAPTER I 



MICROWAVE LENSES 

With the increase of frequency used in radio systems, the wave- 
length has decreased to a point such that it is now possible to apply 
some of the principles of optics in the field of radio. The first 
practical applications utilized to focusing properties of reflectors, 
usually in the shape of paraboloids and parabolic cylinders, to focus 
the energy from either a point of line source into pencil beams. The 
possibility of focusing radio waves by means of lenses was realized 
in 1389 when Sir Oliver Lodge (15)* demonstrated the beaming effect 
of a lens constructed of pitch on the radiation from a spark gap os- 
cillator. However no worthwhile endeavor was possible until convenient 
sources of power at centimetric wavelengths became available about 
19^0. Rust (22), in 19h2, was the first to experiment by making use of 
a lens to correct the wave fronts emerging from an electromagnetic horn. 
Since then manv types of lens antennas have been used in microwave 
transmissions. 

According to J. Brown (2) there are two convenient classifications 
of 1-nses; one according to the function for which the lens is designed 
and the other is according to the nature of the lens material. The lat- 
ter classification is composed of six sub-divisions. Namely: 

1. Solid dielectrics 

2. Metallic delay dielectrics 

3. Metal plate dielectrics 

U. Rodded dielectrics 

5. Path length dielectrics 

6. Miscellaneous dielectrics 

-^Numbers in parentheses refer to authors in bibliography 
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Solid dielectric lenses arc analogous to optical lenses where the 
refractive index is related to the dielectric constant by the relation 
n = \f~T 

Some of the available solid dielectrics with their characteristics 



are: 








Dielectric 


Dielectric 


Loss Factor 


Mechanical 




Constant 


tan £ 


properties 


Teflon 


2.03 


.00037 


Ilexible; dif- 
ficult to join 
together and 
coat except 
under pressuro 


F olvcthvlene 


2.2? 


<.005 


Flexible, tough, 
can be welded to- 
gether and mir- 
ror s craved 


Polystyrene 


2.5).! 


.00025 to 
.0016 


Flexible, low 
shock resist- 
ance, can be ce- 
mented, low heat 


i olvstvrone foam 


1.05 


<.00003 


Difficult to 
hold tolerances 



The orincioal advantage of. this tv >.o of lens is the sin xLicity and 
case of nanufacturin - . The main 'Hsa -’vantage is the relative heaviness 
and attendant difficult/ in supoortioo the stricture. 

Metallic delay dielectrics as develooed by W. E. Kock (11) are 
semetines referred to as artificial dielectrics wherein strios and disks 
of less than a wavelen th in size behave basically as large scale mole- 
cules of a dielectric structure and ive a refractive index greater than 
unity. 



Metal date lenses as described hv Kock (1?) are based on 

t e fact that tie ukase velocity f a wav* travelling between plates 
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is greater than that of free space provided the electric vector is 
parallel to the plates. In this case the refractive index may be 
-’ei'ined as the ratio of the p ase velocity in free space to the 
p->ase velocity between plates 

v o 

n = 

v 



Hence in metal plate lenses the refractive index is less than 
unity, a possibility which does not arise in optics. 

Hodded dielectrics are similar to delay lenses in that they con- 
sist of a lattice structure of metal r^s. The structur- , how-ver, 
produces a refractive index less than unity which varies with fre- 
quency. This is a disadvantage as compared with the delay lens, how- 
ever rodded dielectrics are self sup sorting while delay dielectrics 
ar^ not. 

Path length lenses as developed by E. hock (13) enolgy media, 
which may have an index oi refraction eitoer greater or loss than 
unity, to alt^r the wave front by cousin • different portions of the 
wave to travel different distances, the velocity of oropogation with- 
in the l^ns remaining constant at the fre' 5 space value. 

Miscellaneous lenses have one common feature; the refractive in- 
dex within the lens varies from ooint to point. No metical method 
has been developed for accomplishing this in optics. However, by 
variable plato spacing or artificial dielectrics, the advantages ob- 
tained from variable refractive index may be aoolied in the design of 
microwave lenses. Tire application of the optical theories develoo^d 
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by R. K. Luneberg (16) to microwave lenses fall into this classification. 

Some of the main merits of lenses over other types of commonly used 
focusing antennas are (3): 

1. An increase of h to ^ times in manufacturing tolerances as 
compared with a reflector system. Acc^rdin^ to J. P. Kraus (lU) the 
allowable tolerances for an electrical oatn length arbitrarily set at 
l/3th wavelength of various tvpes of lens and reflector antennas are 
listed as below. 



Type of Antenna 


Type of tolerance 


Amount of 


Parabolic reflector 


Surface contour 


tolerance 

±.03A 


Dielectric lens 


Thickness 


t 


.03 A 


(unzoned) 


Indoc of ref rue tion 


+ 


n - 1 

• 03 A 


Dielectric 1 ns 


Thickness 


t 


nt A 

.03 A 


(zoned) 


Index of refraction 


t- 


(n - 1) 

.03 


E rlane netal plate 


Thickness 


+ 


n 

.03 


lens (ur.zoned) 


Plate spacing 


& 


1 - n 

.03 


E Plane metal Hate 


Thickness 


+ 


(1 - n* )1 

.03 A 


lens (zoned) 


Flatc saacin^ 




1 

1 

1 

1 

< ! 
C 1 
I 
1 
1 

rr\ 

O 

• 


H Plane n ra tal Hate 


Length o path 


+ 


1 / n 

.06 A 


Ions 

2. Freedom from 


distortion of tin pattern 


"up 


to twisting or 



warping of the lens system within relatively wide limits provided the 
oosition of the sourc’ remains fixed. 
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3. The pri:nary source is not in the path 01 the secondary beam 
and the scatter from the source does not arise so that reflection of 
power back into the feed can be reduced to very small proportions. 

This eases the problem of matching the fcod to the oscillator. 

k* A lens has two surfaces, allowing the desi~ncr two frecd- 
ons in dealing with it. 

k. The level of the first side lobe in a well designed lens 
antenna will be approximately 22 db below that of the main beam, while 
that of the paraboloid rarely exceeds 16 db below the main beam. 

Two effects to be considered in microwave antennas which are us- 
ually no vie "ted in optics are spillover an^ surface reflections. Id- 
eally all the oner -y radiated by the primary feed is focused by the 
lens, but in practice some of the enorry will propoxate around the 
^d^es of t’oe l^ns. Fnery lost in this .,ay is known as spillover. 

A satisfactory compromise between soillover and utilizing maximum lens 
aperture is to employ a directive feed such that th^ distribution 
across the aperture is tapered to 10 db down at the ed, 3 es as conoared 
to amplitude at the center. With sn.ch a distribution, soillover is 
not excessive and side lobe level will not exceed about 22 db belov; 
level of the main beam. 

In air/ typo ox lens which depends upon changes of refractive in- 
dex for focusing, such discontinuities will cause reflection of pewer. 
The rpower reflection coefficient R defined as t'i" ratio ol the power 
reflected from an.v area of the interface to the power incident on the 
same ar^a will a po roach in the limitin’" case ol normal incidence the 
value 
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R = 



2 



n - 1 ~ 

_ n / 1 

The power transmission coefficient T always has the value 
1 - R. The above discussion applies only to solid dielectrics and 
modifications are necessary before they can be applied to the var- 
ious artificial dielectrics used in lenses. These modifications as 
developed by J. Brown (3) take into account the many interfaces in 
strip delay and metal plate dielectrics. The work of C. Susskind 
(23) considers the action of obstacle type artificial dielectrics. 

Lenses, in general, have aberrations corresponding to counter- 
parts in optical lenses. These aberrations termed (a) defocusing, 

(b) spherical aberration, (c) coma, and (d) curvature of field are 
discussed in NRL Report R-3312 (17) and by A. S. Dunbar ( 3 ). In 
general, such aberrations will decrease the gain, increase the 
energy contained in the side lobes, broaden the beam width and in 
the case of coma, the development of a "coma lobe" which is un- 
symmetrical. Furthermore, they reduce the ability of the various 
lenses to be used as wide angle scanning antennas due to the fact 
that mass and size of antennas make it imperative the scanning be 
done by movement of the feed rather than the antenna. For examole, 
a paraboloid of f/.5 has a scan arc of -3 beamwidths while an f/l 
has -Q beamwidths, both limited b§r coma. A simple lens of f/l has 
approximately a *10 beamwidth scan and is limited by coma anl as- 
tigmatism while a Schmidt lens of the same f number may be construct- 
ed to give as high as *U0 beamwidth scan before oblique spherical 
aberration causes excess deterioration. (6) One of the types of 
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lenses w dch are not limited by aberrations as to capability to scan 



by novel, lent of food alone is tie Lunebery Lens. 
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CHAPTER II 



THEORY OF LUNEBERG LENS 

It was shown by Luneberg (16) that a plane wave illuminating a 
transparent sphere in which the refractive index is the correct fun- 
ction of the radial distance from the center will be brought to a 
focus at a point in the surface of the sphere. From symmetry, this 
point lies on the diameter normal to the plane of the wave. The 
function of radial distance which produces focusing on the circum- 
ference is 




where R = radius of the sphere 
or for a sphere of unit radius 




A simplified derivation of the above expression is included in the 
appendix. If the sphere is immersed in a medium of refractive index 
n c , a more general expression becomes 




Theoretically, a lens designed on the above principles would be 
a "perfect lens" since it would be free of all distortions and would 
have an unlimited arc of scan. Mechanical difficulties would attend 
any rapid scanning however, due to the large path the feed would have 
to follow if any appreciable aperture size was employed. 

R. F y . Rinehart (20) has attacked the problem by transforming the 
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plane variable refractive index system into a surface of revolution 
of constant refractive index one, whose equation 



s = 1 {/O/ 

2 ' 



sm 



-i 



p ) 



becoa.es in cylindrical coordinates 

z-l[li - 3^/Ud -frff -^Llc 



[l( x/ 



/|{3 ( 1 - ft / 1 ]]‘ (2/fv 



The surface has a horizontal tanyent olane at ^0 - 0 and a vertical 
tan yurt flune at ^ — 1. The surface is eon cave downward between 
— Q and — 1, as 1 ream in Ji'yire 1. 




Figure 1. 

The Lv.neber r * ' r ar table lefrnctive Ind' x Tra .si ->r 4 ati n Into A 
durface of Rev'luti' > n of Constant ^ircV.v^ und-'-x 



1 : 



ft. . Rine uut ’wj further or r>scd two s-'luti 'ns tg the problem 
of reducing feed circlo diameter. One is the use cl an elliptical re- 
flector to oreluct a virtual p^Int source on the unit circle fro.*: an 
actual point s oirce situated much closer, or even on the axis of the 
surface, nnot'-'or solution (21) is the design of a surface of re- 
volution such tiat t‘~e hat shape'’ surface and an annular region between 
r = 1 and r = ri will duplicate, with a refractive index of unit' r , the 
orooerties of too Luncberg system, as shown in . ieure 2. The gen- 
erating curve r =r r(s) is determine'’ hr the eguati' ns 



ds/r = du/u 

r u yU u 

w r r ) 

woero yU ~ e v ♦ •>' 

and tV function w(r ,r M ) is determined by 




Z 




X 



Figure 2 



The Curve! Jurfnce of Unit Radius with .-.ttachc J Ring L^ns 
Analogue of the Luneberg .ens 
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fhij siri.ac*' r^q’Ir^a ui eve l~r r r p' 11 .’ circle r :r r ( . 
Mowever, it la o-ssi’ I p t' construct a p Iv bit s.'st c .- 
sist'.r o *' t'p sar r rv-’ 3 r_ac.^ an' >1 atsac " ’ annular rin'i 
of outpr radius unity an' 1 with a constant n i-unit rp .'ractivp 
info;: which arrunts to turnin t \c ".at >rL. '' in. ,ith aw 
choice of fo^rt circle ra" 1 ' w r 0 , x.' rp •>>:.' 3ts a c >rrcspondin t ; 
refractive in 4 *": for too annular rin • • n = l/r e w Lc ;i .en 

attached to t'w surfac* of r~V'l’ ci'n .u "ia ra : ii'.. will ivo 
an eq; ivalont Lun ''b^rq lone. P'-e size oi the f«- i circle f'ore- 
foro is limiter! onl < to the ini"': ox roar action an t 0 aw Ip 
oi atchu that in r ’p:: to the index: oa r fraction -si ’'nit/ - 'i f'p 
curve! surface. 

Another rwt'.e’ f achievin' - a r'f’cti'n in feed eirei 0 ,z~ 
awllculle t' t’w variable in' • .‘f refract! r t’we of l^ns Lu 
'«ri<e* ’ "T p:ctendin the t'ror: • L neher** t • wmit t’->p s urne 
to li^ within the 1 ns, as illustrat •' >n 1 ur~ 3. T’ 's ’xo" i Ln 
uas 'WeL jen hy J. . r aton (7) and also ’•/ j. Brown (1). w 
this extension two cas n x : .n lartiovl.r u we studied, hasp x is 
the r 3' it of hoi ’in uh ■ r- tract./ i-.d x const-, nt in t oct'r 
zone w ieh, in order to sati..x, r t'p con’itions, rpquirp-s the in 1 ':: 
oi rpfraction n ( , o^ the putor z • ne to je .,/r Q , >r in t - case oa 
te fs-' 1 e. ’.rcl'r bein'' *ne hoi t c or ’irnonsl , n ( = 2 an ■ o ~ 
varia ble lad x of r fr..cti . in 3 >' mn'r z ne h..s a .awl . 0 . . val e 
rf ?,3h at the center 0 . t'p 1 nu an 1 dr 1 s :.v nw tonic all ’ t • ? .. a 
r = r v . Th' a' ru ;t chan e of tr i l-dex u rafrcubn 3 . the cir- 
c’xrf>r' j nce .ruL! .inaart t v c aa n r j! -c. w as i : t‘ ' ca.jp -■ , p 
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I 



in art 
u er~in a 
sn t t n 
a •• 1 1 a 
ha. in t 
I' . 

o : , * 

J.L. » . 

)’’ 3 C 4 ’ Arr 
t*> arr’ ; a 



i r dt r 3* 

> y.v'ri c .1 j ’ ? >;i :/ . no »:• : 



’t^rord in 'rl'i ' 1 Iniu in na " * 
variu Le rfrxt'v i • ‘ r» i 

=: 1 2 T, tV ?irC’ l’~r i(?n 1 
> :5a 1 'l -1 . i n r» \ - ,.i 1 v L ^ 



r 

r r 



C ii :/ . v v 1 
annulus j 

u „ 1 wc. i:J 1 5 



i ” . r 



) 



^ ro 1 . ' -an i . 1 



o^r .u * iji*- . 



lar results tain' 1 ’-r . . Gvtr.ian {'■ ) v 

„ nnr - 1 it i a i 1c ,* in t r ■ J # G\ t .an a 1 

ao an >r' s:>i~r -V- * in 1 •: o r •. ra^ti i 



T J . ; 
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ri arc U. 

Ii"x ra tiv * .a 1 ,< ,f-»r !j*‘ r L-'ns u_c . nt^ri- r mrco (r = ’"'/?) 




T 'ij ./"lubL n utilizes c '• all a^raur* o± o'ip lens; n is c^r- 
ti rr; 3 an*’ w r- ;_r i ' n ' ’i -c i.jtin ibi^s in -n/'ir or hi ,hor -Vrivaoiv' a. 

"a ton (") ohtai.no' 1 J r'W it hifiorenb r-jnltf> In b 'at he ’id n t 
tak» a ’va-ta *<• n £ lull a J^rtorr size. or linear 6e ir-.ifts II 




11 ; 




b ;e ra r s v/niL^ 1 How olli>tical rat s a-' tiab the rfroctive aoei't.ie 
->i‘ f’fi I'-nj wul^ have a diar.etor 

D — ?\f?r 0 - r 0 2 

vj ich unul' 1 li ;Lt the beats jidt obtainable. 

farther showed tbau if the in'^x of r '"fraction of a unit s '^rc 
varied as 



n zz r 

the l^ns wrifi convert a o 'in^ source into an aooarent lino sourc^, 
i^r^ ^ y rs r an nni directional oattern cmLd be obtained vnic i c vail 
b" p::d! /r l ior ra b^ac -ns, trans ^n-dorj an' 1 other services. 




li^nre 

Sry»e.'ical ^ns t at Converts a ; oint .ourers Into an ^jsrent bin- ,orrc 



lo 



If tic r^Iractiv^ v.ir oc 




? - 



r 



r 



the l^ns w^ul ’ act as an infinite r*il coir:' >Iurr", 



i uj>- 6. 




iir 6. 



yoherxeal L- .u. 



^ t C 1 1 . 3 



in- L;it f 'i L rif'i 1 1 ~ 
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c - r ii 
r-j M 



At ti ,10 this x- ior I'c^rlo-l ' jcr^^i ,s oj ill ” gv; i 
btsod on the pr vi >us t u rt r a /ailvie . b nJ L 'a:'- loners vrro 

r nstr’jcte 1 wit a) Lir^tivn in ^ L I:;'" T hi u- * s t.ili I 1 v. r ’ a 
I n , c " r~frnrti 'n obtoi rd b r j )_*cm . .r ' ? Vtu" n x l ~z r *s >ro- 
■)o 'aiin * t- r.* T"* l0 : ioc 1 ' . T \e lirst , g , leu j was 3 si n •' ani 

t^saod b r A 3. D. Jor.-s (1 .) in uic^ t"r olac^a 1 \rr 

an air ’i^lontrlc in w’ ieb tv ir. 1 ''~: n ~* r* ra^tion v-iri^ wit’ bhr 
rsdirs as 




or <!• R^flrc A vi a-, tV- 1 ns nr* rl r r ( ^ 1 ) w > o rr*. I^ rl Vr* 

t' r a' 1 ’It Lon cu a pa rail 1 pl.Lo r ' n w n .L .as " in a li r 1 * a rrt’ r'' 

t r t ^ . too 1 is. T‘- la a ' ’ • ..i 1 : j: •. • la I ; o * r, . tr r \. r iAi r - 

jivt g o n a. * V-r ms L u t • c— rr, i s l^I., » .* °.. v ^g r- 

inratl >n n 1 1*\ s oj. .In ot -ixis. I ^ 1 WcO ^ ::i ;n* 1 go ^ into 

at a u.ir*l» n tb ' i' i #0 in wit 3 u. io rvir*; t *r o.rall '1 olalo 

r - ion n> ia ~ a r r, j r '• t v: 1 ;.I •: t\. n c //? u ifl r n c is o' roXi’ar ti vr 

inr* :c at t r* c-ntm* i t' ^ l-'- •« '.u -3titvti.v, into t ^ :. "<ro ^ l uati'';is 

;o /r t' r 1' as or"'j.il' v 
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and spacing in the oarall^l plate re io ex 6.32 cm. 




Figure 7. 

Construction o_ benj; 
(Hot to vcale) 



The lens was .ado ' r 'y spravin ■ . suit'd'' l' r s >cd ijoofV.cn structure 
vrith notal as the carved face an’ a s' -t of l/b, in. aluminum employed 
as the olan n face. Th« 1 ns f ed c Hsist-’ of (1) a disole an' 1 (2) a 
length of 10 cm ban-’ wave sside, external Unensions 2.h x l.d i nc ^ s> 
Resulting radiation s-at terns s’-u f'O laci f scur-tr" an-’ loss of 
aneulcar -’e flection as the feed is nov d ir & c'-vt*"-. This loss ''"Kir!: 
on the design of the srst«m an- is yiven by jifII's lav; 



1 



sin i 

u ~ 

sin 0 

The radiation patterns taken with a dipole feed at central position, 
15*75°, 28.1°, and 37*5° (Figure 8) illustrate this loss at a wavelength 
of 10.7 cm. Figure 9 which employed the waveguide feed, shows the var- 




Figure 8. 

Radiation Patterns With Dipole Feed 

iation of the radiation pattern with change of frequency. The perfor- 
mance of the system agrees well with that predicted by theory. The 
main limitation is the fairly severe loss of gain for large deflec- 
tions of the beam from the direction perpendicular to the aperture 
due to increasing reflection at the straight edge bounding the system. 
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0 



ztr 2.0 



/ o 



o 



20 2 5 



D/ verge^c PcqrO&$> 



Figure 9. 

Radiation Patterns with Waveguide Feed 
Feed Central 

In order to overcome some of the limitations of the above lens, 
a similiar construction was employed by G. D. M. feeler and D. H. 
Archer (13) except the lens was made of a polystyrene dielectric 
having a relative dielectric constant K = 2.U8. In this design the 
refractive index within a waveguide n =\Jk - ( — ) which 
when combined with the variable index of refraction required for the 



Luneberg 

spacing 




gives for the resulting required plate 



a 



A 



2 \j K - 2 / r2 
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w ic ;avc a xium o )arati i . ,L’ T 1 .1 senarat _.t e, ' 
c uniform nee oi‘ . ^ fl i^r a wavel n't of 3.2 c • Two s' tj 01 

1 x 28 x 3c iiic : d l^t/Tonr Nero c^ rut^ 3 t - ;ouei jith i 'ns .n .o 

v>lystvrene criaent 34.06 and th i n machine l to yive ^ ! ns diam^t^r oi 
3c in. This pave a diariot^r-to-uavolonrt s ratio ox ?-.6 which uas 
lar ‘G enough to produce a reasonable bcanwidth. Han;?s Tor att.o v - 
mont of the food wore ad-^d over an are oi lr 0 an 1 a naif rin*. on 

t n front of the l^ns was added to the 1 ) >or )lato 30 t ai t s c di- 

r loctrlc was synnotrical l " l"^at'd. 

Parly rxtt^rns taken had an unsvmotr Leal boan-sha ic due to 
jlijht \nr>in,; of the xfLvst/renr, causin' incorrect :>iat^ ooacii* 
if ich lias oartl^ correct’d 'y b e a^Htion 01 colts. The r suit I. r 
radiation latt^rns in tv "-olano an" -olair' ar^ sh r.;ri in li 're- 
10 a'.r 1 11 respectively. 




F-flane Ea'iation * attorn 
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fie/a.tiv& fbu/Qr m db 







Pattern Ang/s m degrees 



Fifyure 11. 

T i-Flanc Radiation Pattern 
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~<y vary! t’l* 'rz j ' ic ' .A' . „ rao . j o ' r ~- la.r 

jabt°rns o^currM as tai-ulat'’ V ovv a 9.6 bariOw L I b . ' i i j- 

ir>nt waj n^t available* ncasur^.i' "l.> ab hi ' r-r cL _ s. 



c requeue y 
(He) 


Beam ..'i-’lh 


Site Lar-e 
Lev^i ( 


3900 


3.1 


16.9 


9000 


2.3 


19.6 


9100 


?. ; 


19.0 


9200 


2.3 


19 0 9 


9300 


2.2 - 


17.5 


937? 


2 . 2 - 


20. U 


9?00 


2.2 


1 


9600 


2.3 


19.- 


9700 


2.h 


20.3 


9°’ 00 


2.6 


19.7 
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C UPT~k IV 



c ::clusx s 

From the results obtained through construction an^ V3tin of 
two dimension'- L models it ’as be-'n ^enouscrate ’ that t Luneberg 
t’ n eorv of a vari able refractive ind r -x lens as f >mulate ’ for )bics 
mav be aojlied to microwaye rays in electronics, ouch a l^ns >er- 
nits focusin ' without a' errat' ^ns over a wide an le f scan by 
movement of fee- 1 nosibi n alon . Until roc.-'nt years tie >r- -Lr - 
attainin’ a variable refractive in*>-; for b-'th optics an-'' micro- 
waves remained unsolved, but now, in eleetr nics, the treble . has 
lx on solve-- 1 by the introductio of artiiicial dielectrics. Throir-’e 
t’-'eir omolrymont it is now possible to a ’vanco to t .re-' di lensional 
models based on the sane theory an’ ovcrco to sene extent, top 
problem of wide angle scannin . In addition, the mat lematicul de- 
velopment, as introduced by Luneberg, has been extended bo further 
reduce s me of the problems by develo menu of the variation ox re- 
fractive index required for reduction of feed circle radius b'-low 
that of aoerture radius. Sue.' a reduction will : e limix,-'- 1 to tV- 
variation of refractive index obtainable v; t' t'e ac' ujanvin 
losses inherent from pro Donation t v rou nedinns of hi ,h rciractiv ' 
index. 

.lnothcr a } 'plication, which makes itseLf apoarent, is for 
aerodvnanically suitable external shaoes f >r the aoerture. Re- 
flectors of the parabolic shaoe must be cov.rcl with radores to 
conform to the aerodynamic requirements for a i olications on hi 'h 



2k 



speed aircrait. uc ri ones n t ms Lvir n”id ~ log. eg an' is- 
torti *>ns in fy* radiate- 1 earn from the .nte.ua. inoe the ’-“si n n r, 
throu *h artificial dielectrics, has control of tie wave >at.-s in t. n 
lens, it is possible to .further extend tie t eery to external s'-a^a 
oth t tan portions of a si ero. .uch nr >03 weal 1 r nf-'r to t n 
requirements and eliminate the use of ra r1 n^s. In ad'ioi m, for t >0 
same size beam it is possible to r luce u’v ivorall -xt^rnal d - 
mens ions since, in Luneberg lens, t'o aoertr w dd b - * the 
diameter oi the external dimension while an ant. ana coyere ' rr a 
ralonn mas an apertur" leas t"".n t 'e ins id d.-neter c'i the ra 1, 

.Iso in aireraft a 1 ^licati -no wherein the uciq't 01 t e l-*ns 
would imv'S? restrictions on its a ■■ d-ic ability, it is oassiV.l' to 
reduce the wdyht oi t ' n Ions. inch re J 'ctioi mar 'o obtained -y 
t e ... lo'/ment o* a virtual s rc e . hue' 0 i-'-s r , d; , r n t ■ >xi. ..mi 

an lo oi scan obtainable bolow jnG . uoh .so ices .say b: o' ba.-. ' 
hr i« ns oi r'iV'ctors as un hr ’eyei^ 0. / mb 1 '. p 1 . P. . . cel r, 

3 . cllohor, and P. Coleman (1 ). 

t t^e or-' ont time I'-r.s' 1 ' ■ .3 d n t Luneberg irory ao 1 

constructed, of artificial did ctr c .3 nr'' in 0 ; o vel o-r ; lent st. r . 
It remains to bo seen ii future years n -> w efie-'tiv 1 and ■'j'iul sue’ 1 , 
lenses may become. 
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APPENDIX 



The derivation of an expression for the index of refraction re- 
quired for focusing on the circumference may be most simply obtained 
if only a two dimensional system as illustrated in Figure 12 is con- 
sidered. To obtain an all around scan it is evident that the lens 
must be symmetrical about its center, 0, i.e., the refractive index 
within the lens must be a function of the radial distance r alone. 




OA = a OS = r OM = r f1 
Figure 12. 

Ray Paths in Wide Angle Scanner 

The radiated beam will have its maximum in the direction ACC 
provided that in the free-space region outside the lens the phase of 
the radiation is constant on lines such as BCD which is perpendicular 
to ACC. This requires that the electrical path length of any ray 
from i\ to the line BD should be constant. Considering a typical ray 
path ARP then 
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(1) 



V jV|»re L is indeppndcnt of the ray jath selected. H' ermat's theoren 
the optical oath length between two joints is stationary for snail var- 
iations in the oath and this ap flies to the integral in equation (1). 
Letting r, Q , be the jolar coordinates of a point S on the ray oath 

Jr ids =r Jn{ r) £ 1 / r ? 0'^J dr (?) 

where 0* r d 0/dr and the refractive index beiny a function of radius 
alone is indicated explicitly. The. condition that the inte yal is 
stationary for small variations in the path is found from the calculus 
of variations and hence 

&jn{r) £ 1 / r 2 0' 2 J drrO (3) 

v; ich >co .ips 

|n(r) tlrro (U) 



Upon inte -rati nr, by parts 



n(r) 



[T/"r 2 ©" 5 jk 







( 5 ) 



and tiie first term is equal to zero r°quiriny the sec< nd tern also to 
be equal to zero or that 



_n(r] r ? 0* 

[i / Je ;r ]‘ 



C C — 0 



(6) 
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where C is a parameter u' >sr value depends on tV raj path select 
From equation (6) 

r Q 1 - 1C (7) 

[F^nTT^c^ 

which when integrated ives f '<* equation pf t! e rav path. 

Let tin *C be the a a l-> b*twe'*n t‘ e tan-^nt to t’v ra/ oat a ’ 
t’ e radius voct r an* 1 using t’-e r trie expression 

r @' — - tan <K. ( ) 

♦ 

equation (7) b n C'' es 

rn(r) sin*C = C (9) 



which mat be satisfied for t c wh 1 r v oat . *1 f- lens is con- 

sidered as a receivin'* lens, an/ rays in ire- space which nr" parallel 
to .00 and incident on the Ions must pass through the p'iut (a,TT). 

Design.. tin the minimum distance el th^ rav pa:h fror, the ori ;in 
as r M , yC.^^/2 at n and Iren equation (9) 

C = rq n(r w ) (10) 



..ssiurin that r n(r) is a monotonia increasing Junction and int' 
grating equation (7) gives for the rav oath within the 1 <*ns 



0-0 = / f Cdr 

J f '(r) - C^Jbk 



w»e n QyQ^ (11) 



md 



a-e=- 



f 



Cdr when Q <. Q M 

^py^7-f;y- c'sjn 
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Fro;n equation (9) 



0 a = 



-1 



( 2 . ) 

a 



( 12 ) 



since o£ — Q 

a 



w 'en r — a. 

Applying tiie above conditio 13 to equation (10) 



Cdr 



"M 



£ r? v? (r) - C?J 



r z i 



jlT - sin‘ L ( -•*- )j (13) 



Lettin^ 



and 

equation ( 13 ) nay be rewritten as 

rb 



all 


value;.- of C lyin ■ 


bo tween 0 a 


r n 


(r) 


(1U) 


log 


r 


(15) 


r M 


n (rtf) — C 


(16) 


a n 


(a) 


(17) 



A 



vine re 



f( 



/« ) - i [ n ' sin " (’f 3 j] 



( 1 ?) 



if d^/d^ is regarded as the unknown function, equation (19) is of 

Abel's tyoe and a solution is obtained by multiolyin ■ both sides of 

1 

the equation by — -n — where z is less than £ and 

( s? - a? )* r» 
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'h 



# - 



2 x* 



)* 



(2b) 



The integral on the left nay be simlifi°d bv interchanging the order 
of integration and using the result obtained by Luneberg that 

ff A 6 A 



rr 

- 2 



( 21 ) 




Since = log ft (a) an '’ ii z s r n(r) t -on r p(z) — lo r 

and equation (23) r.iav then be written as 



an(a) 




(2U) 
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which when f(y^) as given in equation (19) is substituted becomes 

in(a) an(a) 



lof 



rn 



|'TV(rf 



1 

Tf 



sin"' {fa/ a)d^ 



Ff “ r2nS 

rn(r) 



(r) 



Evaluation of the first integral yields 



( 25 ) 



log € (•=.-) = log e 



an(a) . > « i 

_ rntf7 ^ rr“n“t?7” “ i 



2 2 / \ 
a n (a) 



\V 



. r n(r) 



/_1_ 

17 



|[gf -r*n*(r)j* f 



'& n(cO 



(26) 



If the lens is normalized so that a is equal to 1 and n(a) matches 
the refractive index of free space Jji(a) - Ij equation ( 26 ) be- 



comes 



log- (J-) r log I" 1 

r [ rn 



r-i — 


/ L--1- 


-if] 


L rn(r) 


[ r 2 n 2 (r) 


J _ 



~rr 



rn(r) 






( 27 ) 



The integral was shown by Luneberg to be 



log e £l / \l - r 2 n 2 (r)]*] 



( 28 ) 
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which ujon substitution yields 



loc e n(r) =. >: lo c £ 1 / £ 1 - r ? n ? (r (29) 

or 

n 2 (r) = 1 / ^1 - r 2 n 2 (r)J^ (30) 

yiviny 

n(r) = (2-r 2 )* (31) 

as the solution of the problem. 
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